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METHOD AND APPARATUS FOR
DETERMINING WAVE CHARACTERISTICS
FROM WAVE PHENOMENA

This application claims the benefit of U.S. Provisional
Application Ser. No. 60/063,745 Oct. 17, 1997.

GOVERNMENT RIGHTS

The U.S. Government has a paid-up license in this inven-
tion and the right in limited circumstances to require the
patent owner to license others on reasonable terms as
provided for by the terms of Contracts No. DMI 9661596,
DMI 9361715, and DMI 9801116 awarded by the National
Science Foundation and No. F33615-96-C-2632 awarded by
the United States Air Force.

CROSS-REFERENCE TO RELATED
APPLICATIONS

This application claims the benefit of the filing of U.S.
Provisional Patent Application Serial No. 60/063,745,
entitled “Method and Apparatus for the Phase Retrieval of
Multidimensional Spectrograms and Sonograms,” filed on
Oct. 17, 1997, and the specification thereof is incorporated
herein by reference.

BACKGROUND OF THE INVENTION

1. Field of the Invention (Technical Field)

The present invention relates to phase retrieval in wave
phenomena. The technical field of this invention is multi-
dimensional phase retrieval. The preferred embodiment of
this invention applies to ultrafast laser diagnostics.

2. Background Art

Interference phenomena are produced through the inter-
action of at least two spatially distinguishable waves. Some-
times diffraction and interference are not clearly distin-
guished. Interference occurs when two or more wavefronts
interact while diffraction occurs naturally when a single
wave is limited in some way. The nature of an interference
pattern depends on several factors including the amplitudes
and phases of the incoming waves. If the incoming waves
are in phase, then the amplitude of the waves may add
whereas, if the phase of the incoming waves are separated by
180°, then cancellation will result. These phenomena, the
adding and canceling of amplitude, are typically referred to
as constructive and destructive interference. For example, if
light from a single laser is split such that it produces two
separate beams, and these beams travel two different paths,
then it is likely that the beams are no longer in phase or
phase coherent. If the two beams are then recombined, the
resulting image will be an interference pattern. In some
instances, it is helpful to detect the interference pattern as an
image in a plane or on a planar surface. However, the
interference pattern can also be captured as intensity
(absolute value of amplitude squared) versus time. The
intensity versus time curve, resulting from the interference
between the two beams, can be reconstructed if the indi-
vidual frequency components are known i.e., amplitudes and
phases.

Phase differences in the interference waves can be repre-
sented as shifts in origin. For example, the Fourier transform
of a function f(x) (which converts a wave from amplitude as
a function of time or space to amplitude as a function of
frequency) is as follows:

F(k)=Jflx)exp(-ik)dx M

10

15

20

25

30

35

40

45

50

55

60

65

2

where the limits on the integral are from x=-0c0 to X=+co.
When the origin, or phase, is shifted, the Fourier transform
is represented as,

F, (k)= f(v-x, Jexp—ikx)dx ©)
or as,

Fy (l)=F(l)exp(—ikx,) @)
Thus, the form of the Fourier transform differs only by the

phase factor exp(-ikx,), remembering that the amplitudes
[F1(K)] and |F(k)| and the intensity, the amplitudes squared,
are equal. In many wave problems the function f(x) is
complex, i.e., f(x)=Re[f(x)]+ilm[f(x)], and an analysis of
transforms of complex functions applies. A plane wave has
a wavefront in a plane of constant phase normal to the
direction of propagation. Often a plane wave may be written
as

E=E exp(-iwt) €]

In Equation 4, the wave is represented as E, as a function
of time, where the frequency characteristics are captured in
the exponential term. In Equation 4, the amplitude is at a
maximum at t=0.

Unfortunately, if phase information for the two pulses is
not known ahead of time, then there is no unique combina-
tion of frequencies and amplitudes that may be combined to
produce an identical plot of intensity versus time.
Essentially, there is not enough information in the intensity
versus time plot alone to be able to reconstruct the phase of
the original pulses. The method to solve for the phase in
these types of problems is referred to as phase retrieval. In
essence, the phase retrieval problem is similar to solving a
single equation for two unknowns—many solutions exist. To
overcome this problem, a constraint must be imposed, i.c.,
an additional equation. Additionally, the constraint must be
physically reasonable. Most phase retrieval problems are
solved through imposition of a reasonable constraint that
leads to a unique solution. The type of constraint depends on
the application. In crystallography, symmetry conditions are
typically imposed. In most instances for crystallographic
application, the symmetry conditlon is applied to what is
known as the outer bounds of the region. Such constraints
benefit from prior knowledge of the way atoms are arranged
in a crystalline structure. For other applications, other con-
straints must be found in order to retrieve phase.

To begin solution of such problems, an initial estimate of
the phase is necessary. However, the guess is not so critical
and any reasonable starting point can be used to obtain a
solution. Of course, knowing that many of the solution
techniques use iterative processes, a more reasonable guess
typically results in fewer iterations in arriving at a unique
solution.

In the field of phase retrieval, there is a class of problems
known as Reconstruction from Multiple Fourier Intensities
(RMI). This problem involves the reconstruction of two
functions from multiple Fourier intensities of the product of
relative displacements of the two functions. The solution to
this important problem has significant applications to any
situation where the intensity of the Fourier transform of the
product of two functions is recorded for multiple relative
displacements of the functions including transmission
microscopy (optical, electron, and x-ray) and ultrafast laser
diagnostics. For example, in the field of ultrafast laser
diagnostics, the solution to the RMI problem is known as a
frequency-resolved optical gatng (FROG) trace inversion,
spectrogram inversion, or sonogram inversion and is used to
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find the intensity and phase of an ultrashort laser pulse. In
the case of FROG, for example (see FIG. 1), a gate pulse
which is one function is scanned, in time, across a pulse (the
other function) to be measured. For each time delay, the
spectrum of the pulse that results from a well-defined
nonlinear interaction of these two pulses is recorded. (The
nonlinear interaction produces the product of the gate and
pulse.) The resulting spectrogram, or FROG trace, is a plot
of intensity versus time and frequency of the pulse.
Unfortunately, it is only possible to obtain intensity infor-
mation of the spectrum. Consequently, the key parameters of
the pulse, the intensity and phase, cannot be obtained
directly from this plot. An iterative two-dimensional phase
retrieval method must be used to find the phase in order to
extract the functions, and hence, the pulse characteristics
from its spectrogram. Methods currently exist, but they
require a priori knowledge of the gate function or are slow
and cumbersome, requiring large amounts of computational
power to arrive at the result. There is a need for fast
inversion methods for ultrashort pulse measurement devices,
and the same method will be generally applicable to other
fields.

Ultrafast laser systems have a large number of applica-
tions in biochemistry, chemistry, physics, and electrical
engineering. These systems generate laser pulses with dura-
tions of 10 picoseconds or less and such systems are used to
explore kinetics in proteins, examine carrier relaxation in
semiconductors, or image through turbid media. They are
also used as an ultrafast probe in electronic circuits. By
using ultrafast diagnostic systems, highly advanced
semiconductors, electronic circuitry, and even biomedical
products can be developed and tested for commercial appli-
cations. Furthermore, new applications requiring shaped
ultrashort pulses in both intensity and phase such as coherent
control of chemical reactions are beginning to be developed.
The continued development of these applications will
require, fast, high quality, and easy-to-use ultrafast laser
pulse diagnostics.

FROG is an ultrafast laser diagnostic that is used to
measure the intensity and phase of an ultrashort laser pulse.
In a simple form, it produces a spectrogram of the pulse that
is a 3-D plot of intensity versus frequency and time delay,
showing the spectral components of time slices of the pulse.
While the spectrogram of the pulse serves as an intuitive
display of the pulse, it is difficult to obtain quantitative
information about the pulse from the spectrogram, and
subtleties in the pulse structure may go unnoticed without
knowledge of the actual pulse. To obtain the original pulse
from its spectrogram, the phase of the spectrogram must be
determined requiring a 2-D phase retrieval computation.
This mathematical step—which converts the measured spec-
trogram into two-dimensional plots of pulse duration and
chirp—is the slowest step in existing FROG instrumenta-
tion. While it is possible to characterize an individual
femtosecond pulse, the data analysis step takes sixteen-
orders of magnitude longer: about 1 minute on a 100 MHz
Pentium-based computer. Simple adjustments become dif-
ficult. A simple error analysis may take hours. Clearly, more
than just faster computers are needed to invert FROG traces
in real time. An entirely new approach to method design is
required.

The development of techniques for ultrashort pulse
measurement, that is, the profiling of the electric field
envelope and the instantaneous frequency, has proven to be
difficult. Early methods yielded only the intensity autocor-
relation of the pulse. Later developments, such as interfero-
metric autocorrelation, achieved the indirect determination
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of various phase distortions common to ultrashort pulses,
but complete intensity and phase information about the pulse
remain difficult to obtain. Some work has been done to
extract the time-dependent intensity I(t) and the phase ¢(t)
(or, essentially equivalent to the phase, the instantaneous
frequency w(t)), from these traces using iterative methods.
Fundamental inherent ambiguities, including the direction of
time, however, remain. It is therefore not possible to
determine, for example, the sign of the chirp, unless a
second measurement is made after pulse propagation
through a known dispersive medium. Other methods yield
only I(t) or require a streak camera and hence lack sufficient
temporal resolution. Still other methods have been devel-
oped to measure the phase w(t) but do not yield the intensity.
Indeed, simultaneous time and frequency information is
required for retrieval of the full complex electric field.

Time-frequency measurements of ultrashort pulses were
first completed by Treacy in 1971. The Treacy method
disperses the input pulse in frequency, selects a portion of
the frequency components to produce another pulse, then
cross correlates the newly formed pulse with the original
input pulse. By scanning the frequency filter over all of the
frequencies contained in the original pulse, a 3-dimensional
plot of intensity versus frequency and time is produced
which is commonly referred to as a sonogram. This method
was refined by Chilla and Martinez with the development of
frequency domain phase measurement or FDPM. Since the
arrival time (i.e., the peak) of each frequency filtered pulse
is given by the derivative of the phase (in the frequency
domain) with respect to frequency, integration of arrival
time of each pulse with respect to frequency gives the phase
of the pulse in the frequency domain. Coupling this result
with the spectrum of the pulse gives the Fourier transform of
the complex electric field. The principal difficulty with this
method is that if the peak of the arrival time of each
frequency selected pulse does not produce a function, as is
the case with self-phase modulated pulses, the group delay
is not well defined and characterization of the pulse is not
possible.

Spectrograms are close relatives to sonograms. Rather
than displaying the time arrival of frequency filtered pulses,
a spectrogram displays the frequency content of time slices
of a pulse. Using optical methods to obtain a spectrogram of
the pulse to be measured is the basis of a relatively new
technique for the complete characterization of ultrashort
laser pulses called frequency-resolved optical gating
(FROG). FROG is a versatile technique that can be used in
either multi-shot or single shot geometries. A gate pulse,
which can be virtually any duration, slices out portions of a
probe pulse in the time domain using either an instanta-
neously responding nonlinear material or a nearly instanta-
neously responding medium. The sampled portion of the
probe, or signal, is dispersed in a spectrometer. Like a
sonogram, the resulting spectrogram contains all the inten-
sity and phase information about the probe pulse.

Obtaining the spectrogram of a pulse is experimentally
less complex than obtaining the sonogram; however, extract-
ing the intensity and phase of a pulse from its spectrogram
is mathematically more challenging. If an approach similar
to that of Chilla and Martinez is used to invert a
spectrogram, the phase in the time domain is obtained, but
the complete complex electric field is not. Since only the
magnitude of the spectrogram can be measured, finding the
full intensity and phase of the input pulse requires deter-
mining the spectrogram’s phase, placing the FROG inver-
sion problem into the category of 2-dimensional phase
retrieval problems.
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Frequency-resolved optical gating (FROG) is a technique
used to measure the intensity and phase of an ultrashort laser
pulse without ambiguity; it is broadband and does not
require phase matching. Whereas Chilla and Martinez mea-
sured the cross correlation of a particular frequency com-
ponent of an ultrashort pulse, FROG involves measuring the
spectrum of a particular temporal component of the pulse
(see FIG. 1). FROG does this by spectrally resolving the
signal pulse in virtually any autocorrelation-type experiment
performed in an instantaneously responding nonlinear
medium.

As shown in FIG. 1, FROG involves splitting a pulse and
overlapping the two resulting pulses in an instantaneously
responding X® (or X® may be used as well, however, in
this case, information about the direction of time is lost).
Consequently, when the spectrogram is inverted and the
pulse characteristics extracted, there is an ambiguity in
direction of time. Even though any instantaneous nonlinear
interaction may be used to implement FROG, perhaps the
most intuitive is the polarization-gating configuration. In
this case, the induced birefringence due to the electronic
Kerr effect is used as the nonlinear-optical process. In other
words, the “gate” pulse causes the X® medium, which is
placed between two crossed polarizers, to become slightly
birefringent. The polarization of the “gated” pulse (which is
cleaned up by the first polarizer) is rotated slightly by the
induced birefringence allowing some of the “gated” pulse to
leak through the second polarizer. This is referred to as the
signal. Because most of the signal emanates from the region
of temporal overlap between the two pulses, the signal pulse
indicates the frequencies of the gated pulse within this
overlap region (See FIG. 1 inset). The signal is then spec-
trally resolved, and the signal intensity is measured as a
function of wavelength and delay time T. The resulting trace
of intensity versus delay and frequency is a spectrogram, a
time- and frequency-resolved transform that intuitively dis-
plays time-dependent spectral information of a waveform.

The spectrogram can be expressed as:

) 2 ®
Se(w, 7) = ‘rE(t)g(t— T)exp(—ﬂwt)dt‘

where E(t) is the measured pulse’s electric field, g(t-7) is the
variable-delay gate pulse, and the subscript E on S indi-
cates the spectrogram’s dependence on E(t). The gate pulse
g(t) is usually somewhat shorter in length than the pulse to
be measured, but not infinitely short. This is an important
point: an infinitely short gate pulse yields only the intensity
I(t) and conversely, a continuous wave (“CW”) gate yields
only the spectrum I(w). On the other hand, a finite-length
gate pulse yields the spectrum of all of the finite pulse
segments with duration equal to that of the gate. While the
phase information remains lacking in each of these short-
time spectra, this loss is compensated by having the spec-
trum of an infinitely large set of pulse segments. The
spectrogram has been shown to nearly uniquely determine
both the intensity I(t) and phase ¢(t) of the pulse, even if the
gate pulse is longer than the pulse to be measured (although
if the gate is too long, sensitivity to noise and other practical

problems arise).
In FROG, when using optically induced birefringence as
the nonlinear effect, the signal pulse is given by:
E(t. ©) EQIE@-D) O

so the measured signal intensity I.p,s(w, T), after the
spectrometer is:
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0 , , 2 )
IrroG(w, T) = ‘f E(0)|E(z — 7)|“exp(—iw?) d1]

We see that the FROG trace is thus a spectrogram of the
pulse E(t) although the gate pulse |E(t)| is a function of the
pulse itself. For Second Harmonic Generation (“SHG”)
FROG, E(t), the pulse itself, rather than |[E(t)|?, is the gate
function.

To see that the FROG trace essentially uniquely deter-
mines E(t) for an arbitrary pulse, it is first necessary to
observe that E(t) is easily obtained from E (1, T). Then it is
simply necessary to write equation (7) in terms of E_(t, €),
the Fourier transform of the signal field E, (i, ©) with
respect to delay variable T. We then have what appears to be
a more complex expression, but one that will give us better
insight into the problem:

0 2 8
Iepoc(w, T) = ‘f Egig (2, Qexp(—iws — EQT)JIJQ‘ ®

Equation (8) indicates that the problem of inverting the
FROG trace I zoq(w, T) to find the desired quantity E, (1,
Q) is that of inverting the squared magnitude of the two-
dimensional (2-D) Fourier transform of E(t, Q). This
problem, which is called the 2-D phase-retrieval problem, is
well known in many fields, especially in astronomy, where
the squared magnitude of the Fourier transform of a 2-D
image is often measured. At first glance, this problem
appears unsolvable; after all, much information is lost when
the magnitude is taken. Worse, it is well known that the 1-D
phase retrieval problem is unsolvable (for example, infi-
nitely many pulse fields give rise to the same spectrum).
Intuition fails badly in this case, however; two- and higher
dimensional phase retrieval essentially always yields unique
results. At this point, it should be noted that FROG data are
usually collected using a CCD so that the integrals shown in
Egs. 6, 7 and 8 are easily replaced by sums.

Since the FROG trace inversion problem is a 2-D phase
retrieval problem, an iterative method is required to find the
phase. Ideally, each iteration results in a slightly better
“guess” for the solution of the phase until convergence. How
a method determines each subsequent guess is paramount to
it performance. The first FROG inversion method used
integration of E(t) |[E(t-t)]* with respect to T to obtain
subsequent guesses for E(t). While fast, this method stag-
nates easily and fails to invert spectrograms of double
pulses.

To overcome stagnation problems in the FROG inversion
Delong et al. developed an improved composite method
that employs modifying constraints in the basic method and
a multivariate minimization of the FROG trace error with
respect to E(t):

. ¢
Z Urr(wi, 7)) = ugasurep (@3, 7)1
=

SFr =
N2 4

1 N

i=1

where €, is the per element RMS error of the FROG trace,
Izr{o; T;) is the current iteration of the FROG trace
(constructed from the current E(t)), 1, ASURED.((;)D T;) is the
measured FROG trace, and o, and T; are the i frequency
and jt delay in the frequency and delay vectors, respectively.
Three separate minimization methods are used to help
prevent stagnation of the compound method. Unfortunately,
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multivariate minimization methods are very slow, some-
times requiring almost an hour to converge.

The method of generalized projections provided a much-
needed boost to the speed of the compound FROG inversion
method, obviating the need for multvariate minimization.
Generalized projections is a powerful technique that works
to solve systems where the solution lies at the intersection of
two a more sets. In the case of FROG, set one is the set of
all complex spectrograms with the same magnitude as the
spectrogram to be inverted. The other set, set two, is the set
of all pulses that fits the physics of the construction of the
optical spectrogram. The fastest FROG inversion methods
iterate between members of these two sets, but in the case of
GP, a member of one set is chosen that minimizes the
distance between it and the member of the other set. This is
accomplished by producing a new guess for E(t) that mini-
mizes the error function:

N R (10)
Z= Y |E (0 - EWIEG -

1,7=1

with respect to E(t) where i is the iteration number.

The complete GP method present by Delong et al. works
as follows: An initial guess of random noise modulated by
a Gaussian is used for E(t) to generate a spectrogram, E; (o,
7). During each iteration of the method, the magnitude of
E,;(w, T) is replaced by the square root of the experimen-
tally measured FROG trace. To find the next guess for E(t)
an inverse Fourier transform is performed to obtain E' (1,
7). The next guess for E(t) is determined by the GP step
described above. The method is repeated until the error
reaches an acceptable minimum.

The GP method presented by Del.ong et al. is robust,
inverting almost any spectrogram while being faster than
brute force minimization. However, for simple pulses, it is
slower than the basic FROG method because it still contains
a minimization step (albeit along the gradient of Z).
Consequently, the complete FROG inversion method pre-
sented by DeLong et al. is a composite method that still uses
all the basic FROG method because the basic method is
faster than the GP method for some pulses.

References that appear to disclose phase retrieval tech-
niques are as follows: Method and Apparatus for Measuring
the Intensity and Phase of an Ultrashort Light Pulse, U.S.
Pat. No. 5,754,292, Kane et al. (May 19, 1998). This patent
discloses an iterative process for determining time-
dependent intensity and phase of a spectrogram obtained
from frequency-resolved optical grating (FROG) of an
ultrashort light pulse. The FROG technique yields an
“experimental” intensity signal dependent on frequency and
the delay time between a gate pulse and a probe pulse. Phase
information is obtained from the two-dimensional intensity
data through a phase-retrieval method. The patent discloses
a preferred iterative one dimensional Fourier transform
method. The preferred method performs a Fourier transform
from time domain to frequency domain and an inverse
Fourier transform from frequency domain to time domain.
The method also requires an initial guess for the time
dependent electrical field. According to the disclosure, an
electrical field based on noise suffices for the initial guess
(although an alternative method for deriving an initial guess
is discussed). This guess is then used to create a time and
delay time dependent electrical field. A one-dimensional
Fourier transform of this field yields a frequency and delay
time dependent electrical field. The magnitude of this field
is replaced with the square root of the “experimental”
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frequency and time delay dependent intensity signal. An
inverse Fourier transform is performed to yield a time and
delay time dependant electrical field. This field is integrated
with respect to delay time to update the initial guess. The
iterative process continues until convergence. The disclo-
sure does not state the convergence criteria.

Method and Apparatus for Measuring the Intensity and
Phase of One or More Ultrashort Light Pulses and for
Measuring Optical Properties of Materials, U.S. Pat. No.
5,530,544, Trebino et al. (Jun. 25, 1996). In a first
embodiment, for a single pulse, this patent discloses a
phase-retrieval solution method similar to that of the 292
Kane et al. patent. However, an initial guess using a
Guassian-intensity flat-phase pulse is said to provide better
convergence. The disclosure states that the difference
between the experimental FROG trace and the FROG trace
generated by the calculated electric field serves as a mean-
ingful measure of error for purpose of a convergence crite-
rion. This is quantified in the method as a RMS error value.
In a second embodiment, for multiple pulses, this patent
states that phase-retrieval has proven to be “extremely
difficult” for the basic FROG method. To overcome basic
FROG limitations, the method adds an intensity constraint,
an overcorrection method, and a multidimensional minimi-
zation technique. In a third embodiment, this patent dis-
closes a method for phase-retrieval based on the theory of
Generalized Projections (GP). The GP method relies on
satisfying two distinct mathematical constraints. The correct
signal field lies at the intersection of the two constraint sets.
The intersection of the two constraint sets is found by
iteratively projecting, or mapping, points onto the two
constraint sets. This embodiment uses an iterative error
minimization technique based on a distance function to
approximately find where the points converge near the
intersection of the two sets. In a fourth embodiment, the
patent discloses a technique that compensates for non-
instantaneous components of the response. Non-
instantaneous components result from Raman absorbance
and emission and may impart cubic phase distortions in the
retrieved pulse frequency domain. The compensatory tech-
nique accounts for the non-instantaneous response of the
medium. The added degree of accuracy increases the num-
ber of calculations required for solution. Where NZ is the
number of pixels in a FROG trace, the number of calcula-
tions required by the fourth embodiment scale by N> in
comparison to N for the nearly instantaneous case. A fifth
embodiment deviates from the prior embodiments in that it
may resolve intensity and phase of more than one pulse on
a multiple or single-shot basis. The fifth embodiment
requires modification of the basic apparatus to accommodate
non-identical gate and probe pulses. Retrieval of intensity
and phase of both pulses is referred to as Twin Recovery of
Electric field Envelopes using FROG, or TREEFROG. The
TREEFROG problem is similar to blind deconvolution, i.c.,
to retrieve both the original image and distortion function
from a blurred image. The process resolves the probe and
gate pulses as a function of time given the 2-dimensional
TREEFROG intensity plot. The TREEFROG method begins
with guess for both probe and gate pulses to generate an
electric field from a Fourier transform of P()G(t—t). The
magnitude squared of the electric field forms a trial TREE-
FROG trace. This trial trace is compared with the experi-
mental trace to determine convergence. The magnitude of
the trial is constrained to the intensity of the experimental
trace while leaving the phase unchanged thus giving a
modified electric field. An inverse Fourier transform of the
modified signal yields a modified electric field with respect



US 6,219,142 B1

9

to time and delay time (a typographical error appears in the
patent). The method of generalized projections is used to
generate alternate updates of probe and gate pulses as a
function of time by minimizing an error function with
respect to the pulse of interest. A spectral constraint is added
to increase the robustness of the method of the fifth embodi-
ment. The spectral constraint requires measurement of field
spectra. The sixth embodiment of the invention discloses a
method using two FROG apparatuses or a TREEFROG
apparatus to measure optical properties of a medium. The
analysis uses a method similar to the GP TREEFROG of the
fifth embodiment. In a seventh embodiment, the method
disclosed in the seventh embodiment is analogous to optical
heterodyne detection methods. This embodiment obviates
the need for phase retrieval since the method measures the
complex field and solves for both imaginary and real parts
of the field. The complex field can then be used to calculate
intensity and phase. An interferometric second-harmonic
generation (ISHG) variation is also disclosed—both tech-
niques use local oscillator-like pulse mixing and require
minimization methods. The ISHG solution is identical to the
normal FROG phase retrieval problem. The eighth embodi-
ment involves measuring the spectrum of the coherent sum
of known and unknown pulses. The method is known as
Temporal Analysis of a Dispersed Pair Light E-fields
(TADPOLE). Solution of two simultaneous equations with
two unknowns yields phase information. A ninth embodi-
ment discloses a solution technique based on artificial neural
nets (ANN) for retrieval of pulse information from an
experimental FROG trace. Training the ANN is the time
consuming step. Theoretically, a trained ANN may provide
pulse information on a nearly real-time basis. A variety of
training enhancements is also disclosed together with dis-
advantages of the ANN approach.

Apparatus for Characterizing Short Optical Pulses, U.S.
Pat. No. 5,684,586, Fortenberry et al. (Nov. 4, 1997). This
patent discloses an analyzer for analyzing intensity and
phase characteristics of an optically dispersed short input
pulse. The intensity and phase characteristics of the short
input pulse are determined by applying a back-propagation
method to the dispersed pulse. In a preferred embodiment,
the dispersed pulse is split to create an optical interference
spectrogram. Analysis of the split dispersed pulse optical
interference spectrogram yields intensity and phase of the
dispersed pulse. The back-propagation technique relies on
knowledge of the transfer function of the optical disperser.
The specification states that known methods of analyzing
spectrograms, such as those created by the split dispersed
pulse, include the FROG technique by Kane et al. and
optical heterodyne detection techniques.

Method and Apparatus for Measuring Ultrashort Optical
Pulses, U.S. Pat. No. 4,792,230, Naganuma et al. (Dec. 20,
1988). In one embodiment, the method and apparatus of
Naganuma et al. measures intensity shape and pulse shape of
ultrashort optical pulses that repeat with a constant period.
These pulses are subject to a beam splitter, two different path
lengths, recombination and focusing onto a doubling crystal.
The doubling crystal generates second harmonic light, i.e.,
light with a wavelength one half that of the incident light,
that is converted to a voltage by an optical detector. Three
spectra are recorded and analyzed through Fourier transform
techniques. Phase reconstruction proceeds through an itera-
tive calculation. In a second embodiment, ultrashort optical
pulses repeating with a constant period are subject to a
similar analysis, however, the signal recorded by the optical
detector is divided into two portions. Two components are
extracted from the signal, a low frequency DC component
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and a high frequency component near the frequency of the
interference fringe near the fundamental wave—obtained
through use of an AC voltmeter. The DC and AC measure-
ments occur simultaneously while constantly varying the
difference between the pulse path lengths. Fourier analysis
of the data yields the intensity shape of the measured pulse
while iterative calculations yield the phase shape. In a third
embodiment, a detector is used that produces an electrical
signal proportional to the fundamental light and the second-
harmonic light. This signal is collected while constantly
varying the pulse path lengths. A Fourier analysis of the
intensity change data of the first harmonic and second
harmonic light together with the intensity of the measured
optical pulse yields intensity shape and phase shape through
an iterative process. In essence, the patent discloses use of
a Michelson interferometer and a doubling crystal to pro-
duce signals amenable to various autocorrelation techniques
for second-harmonic electric fields.

Spatial Wavefront Evaluation by Intensity Relationships,
U.S. Pat. No. 5,367,375, Siebert (Nov. 22, 1994). This patent
discloses a method for determining the phase profile of a
wavefront at a first plane using additional information about
the wavefront at a second plane. The method entails deter-
mining impinging a wave on a first plane, measuring the
intensity of the wavefront at a second plane, and determining
the phase difference of the wavefront at the first plane in
accordance with a transfer function that employs data gath-
ered at the two planes. Three noniterative approaches are
given to solve an optical transfer function equation for
aperture phase and pupil wavefront: polynomial approach,
sampling approach, and general approach.

Signal Processing Apparatus and Method for Iteratively
Determining Arithmetic Fourier Transform, U.S. Pat. No.
5,253,192, Tufts (Oct. 12, 1993). This patent discloses a
method and apparatus for iteratively determining the inverse
Arithmetic Fourier Transform (AFT). In general, analog to
digital conversion of input data limits the standard forward
AFT as opposed to accumulation of rounding and coefficient
errors that limit Fast Fourier Transform techniques. In
addition, the AFT does not require storage of memory
addressing. The AFT method is also closely related to the
least squares successive approximation realization of the
Discrete Fourier Transform (DFT). In one embodiment, an
input signal is received and a data signal vector generated.
A frequency domain signal vector is generated by multiply-
ing the data signal vector by a predetermined transform
signal matrix and a predetermined number of iterations. An
inverse transformation on the frequency domain signal vec-
tor is performed by multiplying the frequency domain signal
vector by an AFT signal matrix; this step produces a
synthesized data signal vector. The next step generates and
error signal vector that is converted into a frequency domain
improvement signal by multiplying the error signal vector
by the transpose of the AFT signal matrix and a predeter-
mined scaling signal value. Finally, an updated frequency
domain signal vector is generated and the iterative cycle
continues until the error reaches a specified minimum. In
another embodiment, an input signal is received and a data
signal vector generated. A frequency domain signal vector is
generated by multiplying the data signal vector by a prede-
termined transform signal vector rather than a predetermined
transform signal matrix.

SUMMARY OF THE INVENTION
(DISCLOSURE OF THE INVENTION)

The present invention comprises an apparatus and a
method for measuring and determining characteristics of
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wave phenomena. The apparatus comprises means for gen-
erating wave phenomena interaction from light or other
wave sources. The interaction data is derived from single or
multiple waves. For the single wave case, the wave typically
interacts with a medium. When a wave interacts with a
medium, energy is transmitted, reflected, and/or absorbed. In
some instances, the medium reflects a wave that can com-
bine with the incident wave. The combination of these two
waves can produce interference and/or interaction phenom-
ena. Alternatively, phenomena such as second harmonic
generation can result.

The apparatus of the present invention also has means for
measuring wave phenomena interaction. Such mechanisms
are known in the art and depend on the energy and wave-
length of the wave or waves. Most importantly, the apparatus
of the present invention has means for determining infor-
mation on wave characteristics. The apparatus has the capa-
bility to perform mathematical operations. More
specifically, the apparatus has the capability to represent
wave phenomena data in the form of eigenvectors. The
eigenvector representations of the data typically relate to
intensity and phase characteristics of a measured wave or
waves. In some instances, the eigenvectors are present
within the apparatus as principal component eigenvectors. In
most embodiments of the present invention, eigenvectors
representing intensity and phase characteristics of the mea-
sured wave or waves are manipulated by a method with the
apparatus for performing singular value decomposition.

Additionally, in most embodiments of the present
invention, eigenvectors representing intensity and phase
characteristics of the measured wave or waves are manipu-
lated by a method within the apparatus for performing power
methods. The apparatus of the present invention, however, is
not limited to singular value decomposition or power meth-
ods for manipulating eigenvectors. For instance, a neural
network can also manipulate the eigenvectors to provide
eigenvectors that represent intensity and phase of the mea-
sure wave or waves. In some applications, the measured
wave or waves phenomena interaction data is represented as
an eigentensor or eigentensors. The apparatus also can use
constraints for determining intensity and phase of wave
phenomena interaction data. For example, the method within
the apparatus may use spectral constraints, intensity
constrains, phase constraints, and other constraining infor-
mation that aides eigenvector formation and manipulation.

The method of the present invention determines charac-
teristics of wave phenomena. The method starts with wave
phenomena interaction data and then determines character-
istics of the data using eigenvectors. In several embodiments
of the present invention, the method determines principal
component eigenvectors. In all embodiments, eigenvectors
are manipulated by methods. Some methods use singular
value decomposition while others use power methods. Com-
binations of both are also within the scope of the present
invention as are other methods that use neural networks and
the like. Constraints are used within the methods to manipu-
late the eigenvectors. For example, the method of the present
invention may use methods with spectral constraints, inten-
sity constraints, phase constraints, and other constraining
information that aids eigenvector formation and manipula-
tion. Depending on the nature of the wave data, the method
may also use eigentensors. The method of the present
invention may also provide wave phenomena data having
gate and probe pulses. In a preferred embodiment, wave
phenomena data having time delay between gate and probe
pulses.

Given wave phenomena interaction data from a manufac-
turing process, the method of the present invention can
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determine manufacturing process parameters from the data.
This is, in some cases, facilitated through the use of a neural
network, expert system, learning system or the like. This
embodiment of the method can determine process param-
eters like temperature, composition, water content, and
concentration. In another embodiment, the method of the
present invention can generate a phase mask from a litho-
graph. In this embodiment, the method of the present
invention determines phase characteristics of a source and a
mask for making the lithograph using eigenvectors.

In a preferred embodiment, the method of the present
invention determines characteristics of wave phenomena
interaction data by generating a frequency-resolved optical
gating trace from the wave data and determining character-
istics of the data using eigenvectors. Again, such character-
istics include intensity and phase.

A primary object of the present invention is to determine
wave charateristics from wave phenomena interaction data.

An additional object of the present invention is to deter-
mine wave characteristics where a wave can be represented
as a complex or real function of one or more variables. Wave
phenomena data result from multiple interactions of relative
displacements of more than one wave. An interaction occurs
when an invertible transformation acts on the product of two
or more waves.

A primary advantage of the present invention is that the
number of computational steps to yield wave characteristics
is reduced when compared to past apparatuses and past
methods.

When applied to ultrashort laser pulses, the results pre-
sented imply that the method of Principal Component Gen-
eralized Projections (PCGP) is a useful improvement over
past methods. The present invention offers two important
advantages: inversion speed and compact code that can run
efficiently on a DSP.

Other objects, advantages and novel features, and further
scope of applicability of the present invention will be set
forth in part in the detailed description to follow, taken in
conjunction with the accompanying drawings, and in part
will become apparent to those skilled in the art upon
examination of the following, or may be learned by practice
of the invention. The objects and advantages of the invention
may be realized and attained by means of the instrumen-
talities and combinations particularly pointed out in the
appended claims.

BRIEF DESCRIPTION OF THE DRAWINGS

The accompanying drawings, which are incorporated into
and form a part of the specification, illustrate several
embodiments of the present invention and, together with the
description, serve to explain the principles of the invention.
The drawings are only for the purpose of illustrating a
preferred embodiment of the invention and are not to be
construed as limiting the invention. In the drawings:

FIG. 1 shows a schematic of a frequency-resolved optical
gating device 10. The diagram above the schematic shows
what actually happens in the nonlinear medium 14. Signal
occurs only when the probe and the gate overlaps in time.

FIG. 2 shows a schematic of the PCGP method of the
invention. The figure shows a singular value decomposition
being used to obtain the next guess for the pulse and gate.
The preferred embodiment of the present invention uses the
power method which reduces the construction of the next
guess to matrix-vector multiplies.

FIGS. 3a-3d show a FROG trace for a double pulse with
zero phase deviation. FIG. 3b shows a probe that is retrieved
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from the FROG trace shown in FIG. 3a using the algorithm
depicted in FIG. 2 (x’s). The solid line is the original probe.
FIG. 3¢ shows the same as FIG. 3b with the exception of the
gate. FIG. 3d shows the recovered phase for the probe (x’s).
The solid line is the original phase.

FIG. 4a shows an SHG FROG trace.

FIG. 4b shows the pulse retrieved from the FROG trace
shown in FIG. 4a using the inversion algorithmn.

FIG. 4c shows the legend for the pulse and phase plots.
FIG. 4d shows a plot of the phase for the retrieved pulse.

FIG. 5 shows a schematic of the DSP based femtosecond
oscilloscope 38. The device uses a host computer 40 with
two digital signal processing (DSP) cards 42, 44 based on
floating point DSPs. One DSP is used for data acquisition 42
and the other is used for the inversion engine 44. Data
originates from an input subject to an autocorrelator 46. The
SHG signal from the autocorrelator 46 passes to a spectrom-
eter 48 with a diode array 50. The data acquisition DSP also
controls the delay line in the autocorrelator 46 and formats
the data (spectrogram in this case) for the inversion engine.
The host computer 40 moves the data from the data acqui-
sition board to the inversion engine DSP 44 programmed to
run the SHG FROG PCGP method. The method runs at
about 20 iterabons/second for a 64x64 FROG trace, and for
a 32x32 FROG ftrace, it runs at about 60 iterations/second.
The host computer 40 is also used for user I/O, displaying
the FROG trace, and the inverted pulse. With proper
synchronization, this device would also be compatible with
high repetition rate, amplified, ultrafast lasers.

FIG. 6 shows a flow chart of the host control of the DSP
boards for the femtosecond oscilloscope shown in FIG. 5.
The initial guess for the pulse for the next spectrogram is the
result from the previous spectrogram.

FIGS. 7 show the front panel of a computer program to
implement the inversion algorithm. FIG. 7a shows the SHG
FROG trace. FIG. 7b shows the retrieved pulse and the
spectrum. FIG. 7¢ shows the sale for FIG. 7a. FIG. 7d shows
the phase for the pulse shown in FIG. 7b.

DESCRIPTION OF THE PREFERRED
EMBODIMENTS

The present invention embodies a Principal Component
Generalized Projection Method or PCGPM. This method
reduces n-dimensional FROG phase retrieval problems to
eigenvector problems, but is still as robust as Generalized
Projections (GP) methods presently used. The PCGP method
is so compact that it can be readily implemented on currently
available and inexpensive Digital Signal Processors (DSP).
Furthermore, the compact nature of the method code allows
hand optimization, further increasing its speed. IBM
PC-compatible boards with speeds of 60 million floating
point operations per second (MFLOPS) suitable for imple-
menting the PCGP method can be purchased for under $600.
This will allow the development of an ultrafast laser pulse
oscilloscope based on virtually any optical method that
produces a spectrogram or sonogram. With currently avail-
able technology, this instrument would be able to display the
intensity and phase of an ultrafast laser pulse in real time
with update rates of better than 3 Hz. In the near future, with
the availability of faster DSP’s, this update rate will easily
double or triple.

More specifically, this invention entails a fast solution to
the general RMI problem that can be applied to ultrafast
diagnostics. This method is general and can be applied to a
variety of manifestations of FROG including multishot and
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single-shot devices using virtually any instantaneous non-
linear interaction as well as other ultrafast laser pulse
measurement devices (i.e., the Chilla and Martinez method,
or FDPM).

To make the FROG inversion method fast and robust, a
GP method must be used (so the method is robust) and the
minimization step must be removed (so the method is fast).
This is exactly what the method of the present invention
achieves. This is accomplished by converting the FROG
inversion problem into an eigenvector problem.
Consequently, the problem of finding each subsequent guess
for E(t) reduces to a few fast matrix-vector multiplies.

In gate and probe problems, if the gate function is known,
but the pulse to be measured is not known, it is possible to
fully determine the pulse to be measured. However, this is
not an interesting real-world problem and is not the main
focus of the present invention. The present invention is more
specifically interested in the following problems: 1) when
the gate function and the pulse to be measured are unknown,
and 2) when the gate pulse is a function of the pulse to be
measured (or vice versa). Of course, the present invention is
not limited to these two problems.

Before discussing the present invention’s inversion
method in detail, it is instructive to discuss the construction
of FROG traces using discrete vector pairs. This will define
nomenclature that simplifies discussion of the method. Two
vectors of length N are used to represent the probe and the
gate fields:

Eprose=[E1; Eo, B3, B, ..., Eo] (11)

EGate=[G1> G2> G3> G4, s GN] (12)
The outer product of Ep, ;. and E,,. is:

E\G, E,G, E\G; E/Gy ... E/Gy (13)

E2G, ExGy ExGy ExGy ... ExGy

EsG, E3G, E3Gy EsGy ... E3Gy

E\G, E,G, E G; E4Gy ... EsGy

EnG) EnGy, EnGs EyGy ... EnGy

This is referred to as the outer product form.

The rows of the outer product form are manipulated to
generate an equivalent matrix that gives a time domain
representation of FROG trace. By leaving the first row
unshifted and by shifting subsequent rows to the left, the
following matrix results:

E\Gi EiGy EGs ... EiGyo» EiGyoi EiGy 14
ExGy, ExGy ExGy ... ExGy EGy  EG
EsGy EsGy EGs ... ExGy  EG  EG
E.Gy EiGs EGs ... EG, EG, EGs
EnGy EnGy EyGy ... EnGyn3 EyGy—2 EnGy-y

L T=43 =42 17=+1

The t=0 column is the first column, where T is the time delay
in resolution element number (column number). This is just
the probe multplied by the gate with no time shift between
them. The next column is the T=-1 column where the gate
is delayed relative to the probe by one resolution element.
After some column manipulation the most negative T is on
the left and the most positive on the right; this time domain
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FROG trace is the discrete version of the product E,,.(1)
E;,.(t=7). The columns are constant in T (delay time) while
the rows are constant in t (time). To obtain the FROG trace,
the Fourier transform of the product E,,,,,.(DEs,..(t-7) with
respect to tis obtained. Each column of the matrix shown in
Equation 14 is Fourier transformed using a Fast Fourier
Transform method (FFT) or other suitable method. The final
step of squaring the magnitude of the complex result pro-
duces the FROG trace.

The present invention is not limited to a Fourier transform
of the columns. Any invertible transformation may be used.
It is also not limited to the squaring of the magnitude of the
complex result, or the magnitude of the complex result.

While there are an infinite number of complex images that
have the same magnitude as the FROG trace to invert, there
is only one image that is formed by the outer product of a
single pair of vectors that has the same magnitude as the
FROG trace to invert. Like other 2-D phase retrieval
methods, to find the proper vector pair, an iterative method
is used (FIG. 2). An initial guess for the phase of the FROG
trace is made, and the result is decomposed into outer
products. The principal pair of vectors is kept and used to
determine the next guess of the FROG trace phase.

To construct the initial guess for the phase, a FROG trace
is constructed by vector pairs, one complex (probe) and, in
the case of polarization-gate FROG, one real (gate), that are
random noise modulated by a broad Gaussian. The iterative
method is started by replacing the magnitude of the newly
constructed FROG trace by the square root of the magnitude
of the experimental FROG trace.

The FROG trace with the correct magnitude is converted
to the time-domain FROG trace using an inverse Fourier
transform by column (see FIG. 2). Next, the time-domain
FROG trace is converted to the outer product form, Equation
13. If the intensity and phase of the FROG trace are correct,
this matrix is a matrix of Rank 1. That is, it has one and only
one non-zero eigenvalue. The eigenvector corresponding to
this eigenvalue spans the range of the outer product matrix
and is called the right eigenvector; this vector is the probe.
The complex conjugate of the eigenvector of the transpose
of the outer product matrix (left eigenvector) is the gate.

Unfortunately, the outer product form matrix produced by
the initial guess has typically several eigenvectors. In fact,
an ill-conditioned matrix may result, however, the probabil-
ity that it is singular is low. The range of this new matrix is
no longer a single line in N space, but rather an ellipsoid in
N space. The question arises: which eigenvector pair (right
and left) represents the best next guess for the probe and the
gate? From linear algebra, the eigenvectors span the range of
the outer product form matrix, and they are linearly inde-
pendent although not necessarily orthogonal. This means
that the best next guess may actually be a superposition of
two or more different, but linearly independent eigenvectors.

The problem of producing the next best guess is solved
using an elegant numerical method in linear algebra called
a singular value decomposition (SVD). SVD decomposes a
matrix into a superposition of outer products of vectors. This
can be written as:

0=UxWx," 15)

where U and V7 are orthogonal square matrices and W is a
square diagonal matrix. Since both U and V are orthogonal,
the column vectors of these matrices are all orthogonal and
form an orthonormal basis set that describes the range of
matrix O. Thus, the matrix O, the outer product form, is
decomposed into a superposition of outer products between
“probe” vectors (columns of U) and “gate” vectors (rows of
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V7). The diagonal values in W (the only non-zero elements
of W) determine the relative weights of each outer product
and, therefore, how much each outer product contributes to
matrix O. In one embodiment of the FROG retrieval method
presented here, only the outer product pair with the largest
weighting factor, or principal component, is kept for the next
iteration of the method. In most instances, the remaining
columns of U and V contain little information. However, the
method may be modified to use this information to enhance
aspects of convergence.

A new FROG trace is constructed from the probe vector
and the magnitude of the gate vector (or a complex valued
gate vector when appropriate) obtained from the SVD of the
outer product form matrix. The process is repeated (see FIG.
2) until the FROG trace error, €4, reaches an acceptable
minimum.

Using SVD has an additional advantage as well. SVD
provides the best packing efficiency for a given image. In
other words, the image produced from the product of the
outer product of the vector pair with the largest weighting
factor is the best rank I approximation of that image in the
least squares sense. That is, it minimizes the error function:

N . (16)
2 _ ij i J

&= g 1EGuter = EprobeEare|

byt

where E,,,,., is the outer product form of the FROG trace
shown in Equation 13, E, . is the probe vector, E_,. is the
gate vector, and € is the error. This shows that the probe and
gate found using SVD in the method described above
represents a projection found directly without minimization.
Neither the set of functions with a given Fourier transform
magnitude nor the set of all outer products is a convex set,
however. Since one or more of the constraints applied is not
a projection onto a convex set, this method is related to the
technique known as generalized projections; hence, the
present invention refers to this method as a principal com-
ponent generalized projections method, or PCGPM. FIGS. 3
shows a synthetic test of this method.

The above implementation of the FROG inversion
method using the singular value decomposition step may be
comparatively slow and consume time by providing infor-
mation with potentially limited use. The present invention
also demonstrates a shortcut that significantly reduces com-
putational time. Since only the principal eigenvector pair
(one left and one right) is required, these eigenvectors can be
obtained by using the power method. When a matrix, O, is
decomposed using SVD, the eigenvectors of OO (probe)
and 070 (gate) are found along with the eigenvalues of 00"
(which are the same as O7O and are called the weighting
factors). The principal vector pair is the pair with the largest
weighting value or the dominate eigenvalue of OO7 (or
070).

Assume a matrix O with a dominant eigenvector and xo
is an arbitrary vector. If the vector is multiplied by the matrix
O raised to a large power, then the dominant eigenvector
multiplied by a constant is the result. This works because the
action of multiplying a vector by a matrix maps the vector
onto a superposition of eigenvectors of the matrix. For
example, suppose the vector x,, is mapped onto a superpo-
sition of eigenvectors by matrix O. Then:

(0)Px, =k APV HOAP o+ Ak AP Y, 17
where v, .. .v, are the eigenvectors of matrix O and k, .. . k,
are constants. It follows that:

O o Vitkovot. . 4Kk, v,

(18
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where %, . . . b, are the eigenvalues of matrix O. The first
multiplication of x, by matrix O maps x, onto a superpo-
sition of eigenvectors multiplied by constants k; . . . k,,. Each
subsequent multiplication multiplies the igenvectors by their
respective eigenvalue. If p is large enough, and if v, is the
dominant eigenvector, then 3,7, 3,771 ...}, 771 The result
will appear to be the dominant, or principal, eigenvector
multiplied by a constant.

Obviously, if it required a large number of matrix multi-
plications to find the eigenvector, then little would be gained
by using this method over a singular value decomposition.
However, the present invention demonstrates that the SVD
step in the PCGP method may be replaced with the follow-
ing:

PROBE=O(0)"(PROBE, ,, 19)

GATE,~(0)"O(GATE, ,) (20)

where i is the iteration number and O is the outer product
form of the time domain FROG trace as described above.
Thus, OO, maps the previous guess for the probe onto the
next guess for the probe and 070 maps the previous guess
for the gate onto the next guess for the gate. By replacing the
SVD step by these mapping functions, the speed per itera-
tion of the method has increased by a factor of 50 while the
number of iterations required for convergence has not
increased. Further, the robust nature of the PCGP method is
not compromised.

This foregoing embodiment is not limited to using the
outer product form of the time domain FROG trace, O,
raised to the first power. In fact, O” may be used where the
power n takes on any value. The transpose of O likewise
may be raised to a power where the power is the same or
different than the power of O. Of course, the present
embodiment also is not limited to simple combinations of O
and O”.

The foregoing embodiment is not limited to updated
probe and gate vectors based solely on the previous probe
and gate. For instance, gate and probe vectors from many
past iterations may be used to enhance the method. Such
techniques are common in control systems theory and prac-
tice and involve techniques that use, for example, shooting,
forgetting factors and the like. In many instances, such
techniques smooth the solution and limit oscillations while
often enhancing convergence. Use of these techniques is not
limited to this particular embodiment.

In another embodiment of the present invention, spectral
constraints are applied to PCGPM. PCGPM is inherently a
blind-FROG or TREEFROG method that finds the probe
and gate independently without any assumptions about
relationships between them. As a result, it may be prone to
some ambiguities involving the width of the gate and probe
pulses. For example, a very slight change in the width of the
probe may be compensated for by the method by a slight
change in the width of the gate without changing the RMS
error significantly. In FROG as opposed to blind-FROG,
because of the a priori knowledge of the relationship
between the probe and gate, these width ambiguities are not
a problem. These ambiguities are resolved when using a
blind-FROG inversion method such as PCGPM by the
addition of a spectral constraint on either the probe or the
gate. In PCGPM, the spectral constraint is applied after the
intensity constraint is applied and just before the next guess
is computed when the FROG trace is in the outer product
form. When in this form, each column is ideally a constant
(one of the elements of the gate) multiplied by the probe
field. Consequently, each column is Fourier transformed and
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the magnitude is replaced by the square root of the measured
pulse spectrum. To insure the gate field is preserved, the area
of the intensities before and after the spectral constraint is
applied are kept equal. To prevent artifacts from appearing
in the wings of the FROG trace, the spectral constraint may
only be applied to portions of the trace that has an integral
above some predetermined level.

In yet another embodiment, a constraint based on a known
gate may be used, such as, when the gate is a known function
of the pulse to be measured. While the use of spectral
constraints can facilitate inversion of FROG spectrograms,
for commercial applications, it is desirable to reduce the
complexity of the device. Thus improvements in the PCGP
method to permit the inversion of FROG traces rather than
blind-FROG traces are advantageous. Assume we have a
nonlinear medium that produces a gate from the input pulse
via a function we will call I" and its inverse I'. Rather than
using only the outer product of E,,;,. and E,,,, to produce
the next time domain FROG trace, the sum of the outer
products of E,,, E, .. and Fl(Egm)F(Epmbe) is used so that
the outer product on the next iteration is given by

O,-=probe,-® gate,-+l"’1(gate,-)® T'(probe;) 21

where O, is the outer product for the ith iteration, and where
@ is the outer product operator. In the case of SHG FROG,
the function that produces the gate from the probe and its
inverse is trivial. For other geometries such as polarization
gate, the inverse does not exist. As a result, a pseudoinverse
must be constructed. The inverse is constructed from the
square root of the gate intensity and the phase of the pulse.
Unfortunately, the square root is not a well behaved func-
tion. Small fluctuations in the wings of the gate can cause
artifacts in the next guess for the pulse that cause instabilities
in the method. This can be remedied by applying the square
root only in portions of the gate where it is well defined.
Where the gate is not well defined, the intensity (and phase)
of the pulse is used. This method works well for polarizaton-
gate FROG. This type of constructed FROG method works
very well for SHG FROG and inverts SHG FROG traces in
real time (FIGS. 4). This is fortuitous because it is believed
that SHG FROG will be the most commonly used FROG
geometry and will be the most important commercially.
Furthermore, by placing a filter that has structure and an
inverse (i.e., does not attenuate any frequency completely) in
one of the beams in the autocorrelator, the time ambiguity in
SHG FROG can be removed; consequently, the full pulse
characteristics can be determined. However, the outer prod-
uct function shown in Equation 21 must be changed slightly.
In this case, the outer product is given by:

Oi=probei@ F(probei)+l"’1(gatei)@ gate; 22)

where O, is the ith iteration of the outer product O, I is the
function to transform the probe into the gate, and I'" is its
inverse. In practice, Equation 22 seems to work better than
Equation 21. Also, using either only the first part the sum in
Equation 22 seems to work as well as using only the last
part. The actual best combination of the sum must be
determined by trial and error. Also, combinations of Equa-
tions 21 and 22 may produce a working method.

One way to assist the methods described is to train a
neural net appropriately when the method gets stuck or
stagnates. Using a neural network to obtain the pulse or even
an initial guess is far to complex. The training sets for such
a method are huge. Furthermore, input of the spectrogram or
sonogram into the method is a very difficult task. Training a
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neural net with a 64x64 input matrix is a very difficult task.
Although in theory it could be done, with current technology
it could take years of training. However, inputting the
difference between the data set the method stagnates on and
the actual data set is not as complicated a problem. The
neural net does not have to be as large, and consequently,
will not be as difficult to train. For example, the difference
between the data sets could be divided up into a 9x9 grid
rather than a 64x64 grid, reducing the complexity of the
neural net.

The method of the present invention is useful for any
problem requiring the inversion of a spectrogram or sono-
gram. In order to expand the applicability of PCGPM, we
must increase the dimensionality of this method to accom-
modate spectrograms or sonograms such as those obtained
during scanning-tunneling electron microscopy, synthetic
aperture radar, or confocal microscopy. Basically, these
devices/techniques scan a two-dimensional gate function
over a two-dimensional image in two different directions as
opposed to a one-dimensional scan in the case of ultrashort
pulse measurement. To apply PCGPM to improve resolution
of these devices, PCGPM must be converted from a two-
dimensional method to a four-dimensional method. Instead
of a vector gate being scanned across a vector probe, a gate
tensor of rank 2 is scanned in two dimensions across a rank
2 probe tensor. A two-dimension FFT converts the time
domain signal to the frequency domain. The result is a rank
4 tensor.

The PCGP method will work as long as: 1) an outer
product between the rank 2 probe and gate tensors can be
converted to time domain data using a homomorphic trans-
formation (one-to-one), and 2) there exists an eigentensor
such that the outer product form tensor multiplied by the
eigentensor returns the eigentensor multiplied by a constant.
Since a rank one tensor of length n® may be constructed from
an nxn rank 2 tensor, and the rank 4nxnxnxn outer product
tensor may be converted to an n*xn” rank 2 tensor, this is
clearly possible. Thus, higher dimension problems may be
reduced to lower dimensional problems that look exactly
like the FROG inversion problem.

The examples that follow summarize the description of
the invention and describe many of the uses. In brief, a
spectrogram is produced when a gate samples, in time or
space, portions of the signal to be measured for all times or
space of interest. The selected portions of the signal are then
resolved in frequency. The sampling may be accomplished
electronically, optically, electrooptically, or even mechani-
cally. The measured signal is then frequency-resolved and
the intensity or magnitude is measured. The result is a series
of spectra, one dimensional or higher, one spectra for each
portion of the signal sampled. The resulting signal then has
no phase information; hence, information about the original
signal and/or gate cannot be found directly. The PCGP
method previously described is used to recover the phase
information so that all of the information about the signal
and gate can be determined directly.

The signal of interest may be in any part of the electro-
magnetic spectrum, acoustic spectrum, particles (electrons,
positrons, protons, nuetrons, etc.), or a material. The gate
also be any part of the electro-magnetic spectrum, acoustic
spectrum, particles, or a material. However, there must be
some physical way for the gate to operate on the signal.
Optical examples include any nonlinear optical effect such
as sum frequency generation or the optical Kerr effect.
Electronic examples include mixers and multipliers. Also,
the signal and gate are interchangeable.

A sonogram is produced when the signal to be measured
is first resolved or filtered in frequency. Each filtered part of
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the signal intensity or magnitude is then time resolved. This
is done for all frequencies of interest The result is a series of
time histories, one dimensional of higher, one time history
for each frequency sample. The filtering may be accom-
plished by a electronic, mechanical, and optical filters
(gratings, spectrometers, or fixed filters). Furthermore, the
filter does not need to be narrow, it may be quite wide. The
PCGP method may then be used to determine the original
signal and gate.

Industrial Applicability

The invention is further illustrated by the following
non-limiting examples.

The present invention’s Femtosecond Oscilloscope uses a
multi-shot second harmonic generation FROG device that
seamlessly integrates data acquisition and the inversion
method by using commercially available digital signal pro-
cessing (DSP) boards (FIG. 5). This device successfully
demonstrated the inversion of experimental FROG traces in
real-time and could display the inverted pulses (from a
64x64 FROG trace) at a rate of 1.25 Hz, or one every 0.8
seconds, 2.3 Hz inversion rates were possible for a 32x32
array. Example data obtained using the femtosecond oscil-
loscope are shown in FIGS. 3. Also show in FIGS. 3 are the
retrieved pulse, the retrieved phase, and an example of the
performance of the DSP/PCGPM combination. After only
one second of computational time, the method ran for 20
iterations on the 64x64 FROG trace, converging to a FROG
trace error of less than 0.5%. The method was allowed to
continue for another ~90,000 iterations, but this did not
significantly change the retrieved pulse and phase.

To further test the femtosecond oscilloscope, a pulse
stretcher-compressor was built to vary the pulse dispersion
independent from the Ti:sapphire oscillator. The basic con-
figuration of the zero dispersion stretcher/compressor is the
same as that used by Chilla and Martinez. At the input of the
stretcher/compressor was a 1200 g/mm grating. The first
order dispersed light was sent through a 175 mm focal length
lens approximately one focal length away. A mirror, also one
focal length away, reflected the dispersed light back through
the lens onto the grating. By translating the lens, dispersion
in the beam could be changed enough to more than triple the
pulse width. The femtosecond oscilloscope could easily
track these changes. Also, portions of the spectrum could be
blocked to shape the pulse before being sent to the FROG
device (FIGS. 7).

An SHG FROG device, or spectrally resolved autocorr-
elator was used in the femtosecond oscilloscope described in
this work, although, in principal, virtually any FROG geom-
etry can be used. The input beam is split into two identical
beams by a beam splitter. One beam is sent into a manual
delay line used to fine tune the delay between the two beams
so that the pulse and gate are equivalent for proper operation
of the PCGP method. The other beam is sent into a fast
scanning delay line. This delay line is a 0.5" diameter
retro-reflector controlled by a General Scanning LT 1000 Z
(linear) scanner allowing the delay to be controlled by a
voltage (~2 mm delay/V). The resulting beams were about
8 mm apart and focused by a 250 mm fl lens into a 200 um
thick BBO crystal. The spectrum of the second harmonic is
measured via a spectrograph and an EG&G Reticon diode
array controlled by the EG&G demonstration board. The
signal from the diode array electronics was sent into an SRS
560 low noise differential amplifier before being digitized by
the 16 bit A/D converters on the data collectfon DSP board.
The pixel clock on the diode array controller was set to 100
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kHz (exposure of 5 ms), the maximum sample rate of the
A/Ds. After the diode array was read, the translation stage
was set to the next delay via a D/A on the DSP board. Sixty
four spectra were obtained for the 64x64 FROG trace and 32
for the 32x32 FROG trace. Only every other spectra was
sampled, resulting in a throughput of 98 spectra/second.

The data collection DSP board also prepared the raw data
for input into the method by resampling the signal vector
from the 512 element diode array down to 64 pixels using a
15 element FIR digital filter. The coefficients were chosen to
remove all frequencies higher than Nyquist for the resa-
mpled vector. After filtering, the background from electron-
ics offset and scattered light is subtracted. A host computer
(166 MHZ Pentium) controls both DSP boards (FIG. 5). A
dynamically-linked library (DLL) was used for host-DSP
communication and DSP control allowing the host program
to be written in a high level language such as MATLAB or
LabVIEW. The host program polls the data acquisition DSP
board for a new spectrogram. When ready, the host reads the
spectrogram and frees the board to read another spectro-
gram. The host then reads the new pulse and gate from the
inversion engine DSP board running the SHG FROG PCGP
method. The new spectrogram is then sent to the inversion
engine board. The initial guess used by the method in the
inversion DSP for the new spectrogram is the pulse retrieved
from the previous spectrogram. The process is repeated
indefinitely.

The host program is also responsible for the user interface
and display. Since all of the DSP control can be confined to
DLLs, the user interface and host control program was
written in LabView. The front panel for the test program is
shown in FIGS. 7. The FROG trace is shown in the left-hand
portion of the figures. The plot in the right-hand corner
shows the intensity of the measured pulse and its calculated
spectrum. The displayed pulse was formed by placing a wire
in the stretcher-compressor to block out the center of the
spectrum. Ringing of the pulse intensity caused by the loss
of the center frequencies is clearly visible to the right of the
pulse. The plot just below the intensity plot shows the phase
of the pulse intensity (time domain).

Asignificant increase in speed is obtained when the power
method is applied to PCGPM without any noticeable per-
formance decrease. For SHG FROG, the PCGP method
operates about 2—4 times faster than the current generalized
projections method while being as robust as the commer-
cially available compound method. Further speed gains can
be realized by hand optimization of the PCGPM code. A
femtosecond oscilloscope was constructed that obtained
SHG FROG traces, and used the improved PCGP method
(using the power method) to invert them. The display update
of the FROG trace, and the intensity and phase of the pulse,
was real time with an update of 0.8 seconds or 1.25 Hz for
a 64x64 array (0.43 seconds or 2.3 Hz f a 32 32 array). There
is no reason that a similar device could not be constructed
using polarization-gate, self-diffraction, third harmonic
generation, or any other nonlinear optical mechanism. Also,
for an added indication of the pulse intensity and phase,
sound can be used.

In this example, a beam of light is reflected from a surface
such as an integrated circuit which is referred to as the
sample. The reflected light, which constitutes Fraunhofer
diffraction (far field diffraction) in the infinite limit (this can
be approximated by the use of lenses), along with any
diffraction pattern is imaged onto a CCD camera. At the first
point, the reflected beam and the diffraction pattern are
collected. The beam is then moved to another (X,y) coordi-
nate on the sample and the reflected beam and diffraction
pattern are collected. This process is repeated for a grid of
NxN points.
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The 2-D diffraction pattern is the intensity of the 2-D
Fourier transform of the beam interacting with the surface.
From the resulting NxNxNxN tensor, all of the information
about the sample and the beam is contained. By using the
PCGP multidimensional method, the phase profile of the
beam of light and the surface can be obtained. That is, the
rendering of the surface can be obtained (to the resolution of
the original scan step).

The same as the second example, but with light transmis-
sion through the sample.

The same as the second example, but with an electron
beam rather than a light beam and a phosphor coupled to a
CCD camera replacing the CCD camera.

The same as the fourth example, but with an electron
beam transmitted through the sample.

The PCGP method is also used to produce a vector
spectrum analyzer. Suppose there is a high frequency signal
that repeats at some frequency f. If this signal was sent into
amixer with a local oscillator of pulses repeating at f+9, then
the output from the mixer would consist of the high fre-
quency signal with a gate sweeping across it at a frequency
of d. If this signal was sent into a spectrum analyzer to be
spectrally resolved, then the output would be a spectrogram
of the high frequency signal that would repeat at a frequency
of 8. This spectrogram could then be inverted to obtain the
intensity and phase of the high frequency signal and the gate.

For a light pulse that is first spectrally resolved by a
spectrometer, the output of the spectrometer is sent to a
streak camera. The streak camera looks at the time arrival of
the different frequencies. The output of the streak camera is
a sonogram. By applying the PCGP method on the
sonogram, the original light pulse and the spectrometer’s
resolution function is obtained.

Another example uses PCGPM in process control. A
beam of light diffracted from a sample as H moves across the
beam is recorded as a function of position. From the
recorded intensities, the profile of the sample can be deter-
mined. The sample profile can be used to control a process
such as etching rate.

Yet another example of the present invention uses
PCGPM in manufacturing processes. Wave phenomena
interaction data are collected from interactions with a manu-
facturing process. The wave characteristics of the data
contain information relevant to manufacturing process
parameters. For instance, parameters such as temperature,
composition, water content and concentration are inferred
from data analysis. The use of a learning system, expert
system, or neural network facilitates implementation of this
use of the present invention.

The PCGPM method is also used to generate phase masks
for photolithography. The spatial profile of the light source
intensity and phase and the phase mask is determined from
the desired lithographic pattern by applying the PCGPM.

If a process is amenable to modeling by an invertible
transformation, then input vectors are optimizable, and
controllable, by the application of the PCGP method. Appli-
cations are not limited to purely “physical” phenomena, for
example, market trading data, traffic data, and, in general,
wave-like is

The preceding examples can be repeated with similar
success by substituting the generically or specifically
described reactants and/or operating conditions of this
invention for those used in the preceding examples.

Although the invention has been described in detail with
particular reference to these preferred embodiments, other
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embodiments can achieve the same results. Variations and
modifications of the present invention will be obvious to
those skilled in the art and it is intended to cover in the
appended claims all such modifications and equivalents. The
entire disclosures of all references, applications, patents, and
publications cited above are hereby incorporated by refer-
ence.

What is claimed is:

1. A method for determining characteristics of wave
phenomena comprising the steps of:

providing wave phenomena interaction data wherein said
data comprises an invertible transform of the product of
at least two waves; and

determining characteristics using eigenvectors.

2. The method according to claim 1 wherein the deter-
mining step comprises using principal component eigenvec-
tors.

3. The method according to claim 1 wherein the deter-
mining step comprises solving for eigenvectors using sin-
gular value decomposition.

4. The method according to claim 1 wherein the deter-
mining step comprises solving for eigenvectors using power
methods.

5. The method according to claim 1 wherein the deter-
mining step comprises using spectral constraints.

6. The method according to claim 1 wherein the deter-
mining step comprises using a neural network.

7. The method according to claim 1 wherein the deter-
mining step comprises using an eigentensor.

8. The method according to claim 1 wherein the providing
step comprises providing wave phenomena interaction data
having gate and probe pulses.

9. The method according to claim 8 wherein the providing
step comprises providing wave phenomena interaction data
having a time delay between gate and probe pulses.

10. The method according to claim 1 wherein the provid-
ing step comprises providing wave phenomena interaction
data from a manufacturing process and the method addi-
tionally comprises the step of determining manufacturing
process parameters from the data.

11. The method according to claim 10 wherein the deter-
mining step comprises using a neural network.
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12. The method according to claim 10 wherein the deter-
mining step comprises determining at least one parameter
selected from the group consisting of temperature,
composition, water content, and concentration.

13. A method for determining characteristics of wave
phenomena comprising the steps of:

providing wave phenomena interaction data;

generating a frequency-resolved optical gating trace from
the wave data; and

determining characteristics using eigenvectors.
14. An apparatus for measuring characteristics of wave
phenomena, said apparatus comprising:

means for generating wave phenomena interaction;
means for measuring wave phenomena interaction; and

means for determining information on wave
characteristics, wherein said means comprises means
for calculating eigenvectors.

15. The apparatus according to claim 14 wherein said
means for determining comprises means for calculating
principal component eigenvectors.

16. The apparatus according to claim 14 wherein said
means for determining comprises means for employing
singular value decomposition.

17. The apparatus according to claim 14 wherein said
means for determining comprises means for calculating
principal component eigenvectors.

18. The apparatus according to claim 14 wherein said
means for determining comprises means for employing
power methods.

19. The apparatus according to claim 14 wherein said
means for determining comprises means for employing a
neural network.

20. The apparatus according to claim 14 wherein said
means for determining comprises means for calculating an
eigentensor.

21. The apparatus according to claim 14 wherein said
means for determining comprises means for setting spectral
constraints.



